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THE PLASTER-MODEL METHOD OF DETERMINING 
STRESSES APPLIED TO CURVED BEAMS 


Il. INTRODUCTION 


1. The Brittle-material Method.—The mathematical method of 
determining stresses in structural and machine members due to ex- 
ternal loads may be, in many cases, inadequate or impracticable due 
to objectionable complications. Further, even though a mathemat- 
ical analysis may yield values of the stresses at specified points in a 
member, the significance of these stresses in causing damage to the 
member is frequently not revealed by such an analysis, and therefore 
may be unreliable if used as the only method of determining the sig- 
nificant stresses in a member. 

As a result of these conditions there has been developed a number 
of mechanical or experimental methods of investigating stresses in 
members, one of which is the so-called brittle-material method. This 
method may be explained very briefly as follows: From a “brittle” 
material, that has a nearly straight stress-strain diagram up to the 
ultimate strength of the material, a model is made of the member of 
more or less irregular shape in which the stress is to be found; from the 
same material is also made a specimen of simple shape in which the 
stress due to a given load can be computed satisfactorily. The speci- 
men of simple shape and the model of complex shape are then tested 
to destruction. The test of the simple shape gives approximately the 
ultimate strength of the material and the test of the model gives, with 
a fair degree of accuracy, the load which produced this ultimate stress 
in the most stressed fiber of the model; from these values the relation 
between load and maximum stress is obtained. 

For example, if the breaking load for a straight beam made of 
brittle material and having an abrupt change of section is one-half the 
breaking load for a similar beam without the abrupt change in section, 
then the maximum stress caused by a given load in the beam having 
the abrupt change in section is twice that in the more simply shaped 
beam when subjected to the same load, and this latter stress can be 
computed from the flexure formula. 

Likewise, if the bending moment that causes rupture of a curved 
beam made of a brittle material is two-thirds of the bending moment 
that causes rupture of a straight beam of the same material and cross- 
section, then the maximum stress in the curved beam when subjected 
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to a given bending moment is one and one-half times the stress in the 
straight beam when subjected to the same bending moment. 

With certain limitations, to be discussed later, the same relation 
will hold between load and maximum stress in a member made of 
elastic material as is found by the brittle-material method, provided 
that the stress does not exceed the proportional limit of the material. 

The ideal material for use in the brittle-material method of deter- 
mining stresses is one in which the compressive and shearing strengths 
are high compared to the tensile strength, and in which the stress- 
strain diagram is straight until rupture occurs. For such a material 
the proportional limit is the ultimate strength, and the material would 
be expected to fail whenever the tensile stress at any point in a mem- 
ber exceeded the proportional limit of the material, and the plane of 
rupture would be perpendicular to the direction of the maximum 
tensile stress. 

Although such an ideal material is not available, ‘pottery plaster”’ 
meets the requirements fairly well, and it was used in the tests herein 
reported. Tests by W. A. Slater* and by R. E. Peterson* show that 
the stress-strain diagram for gypsum and pottery plaster, if properly 
cured, is practically a straight line up to the point of rupture, and 
other tests show that the compressive strength is several times the 
tensile strength. 


2. Purpose of Investigation.—There were two main purposes in 
making the tests. The first was to determine whether or not the 
brittle-material method, using pottery plaster as the material, could 
be made to yield consistent and reliable results, particularly with 
members of rather irregular shapes requiring complicated molds for 
casting the members. For this purpose curved beams in the form of 
C frames (see Fig. 2) were used for the reasons that such frames as 
commonly made are rather complicated castings, or forgings, and that 
there is available a satisfactory mathematical solution for the longi- 
tudinal stress in curved beams of various sections with which to com- 
pare the test results of the plaster models. 

If the results of the tests of the plaster-model method were shown 
to be reliable for these curved beams, then this method might be used 
with confidence to obtain at least approximate values of the signifi- 
cant stresses in other irregular members for which no satisfactory 
mathematical analysis is available. Also it could be used with reason- 
able confidence in accomplishing the second purpose of the tests. 


*See Bibliography. 
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Fic. 1. ApproxtmatE DIMENSIONS or Cross-SECTIONS 


The second purpose was to investigate the radial tensile stress in a 
curved beam. Certain sections of not unusual proportions for C 
frames may have calculated values of the maximum radial tensile 
stresses greater than the maximum circumferential tensile stresses. 
Such sections will in general have abrupt changes in width of the sec- 
tions, such as T sections, I sections, and H sections. Further, if a 
plaster model of such a shape fails at the junction of flange and web, 
when subjected to a load causing a calculated value of the radial stress 
less than the ultimate strength of the material, then the value of the 
stress concentration due to the sharp corner or fillet at the junction of 
flange and web may be obtained. For this purpose a curved beam 
having an H section (see Fig. 1) was used, so designed that the maxi- 
mum value of the radial stress as given by mathematical analysis 
occurred at the abrupt change in width of the section. Four different 
fillets were used: one with approximately zero radius (a sharp corner), 
one with a 1¢-in. radius, one with a 14-in. radius, and one with a 
16-in. radius. 


3. Acknowledgment.—The greater portion of the tests herein re- 
ported were made by Mr. R. V. James as a graduate student at the 
University of Illinois in satisfying the requirement for thesis work for 
the degree of Master of Science in Theoretical and Applied Me- 
chanics. Very helpful information on the properties of pottery plaster 
was contributed by Mr. T. N. McVay, Associate in Ceramic Engineer- 
ing, and valuable assistance in mold making was given by Mr. E. G. 
Bourne, Laboratory Demonstrator in Ceramic Engineering. Ac- 
knowledgment is also made to Messrs. W. M. Lansford, J. C. Ducom- 
mun, E. C. Clark, N. H. Barnard, and H. J. Stoever, graduate stu- 
dents, for computations giving the distribution of radial stress in 
various cross-sections of curved beams with different degrees of 


curvature. 
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Fic. 2. Form or Curvep BEAMS 


The tests herein reported were made as part of the work of the 
Engineering Experiment Station of which Duan M. 8. Kurcuum is 
the director and of the Department of Theoretical and Applied Me- 
chanics of which Pror. M. L. Enaur is the head. 


II. MarpriaL AND Specimens USED 


4. General Properties of the Material.—The material used for the 
plaster models was a high grade pottery plaster. This plaster has the 
same chemical composition as has plaster of paris, except for an agent 
which retards the setting of the pottery plaster, thereby giving ample 
time for working and placing. 

As in many other cements the strength and quality of pottery 
plaster may be greatly affected by the method of handling. Within 
limits, the density and strength increase as the amount of. mixing 
water decreases, and the time of setting decreases materially as the 
amount of mixing water decreases. The compressive strengths of 
pottery plaster for different water plaster ratios are about as follows: 

61.5 lb. water per 100 lb. plaster, 2400 Ib. per sq. in. 

75 lb. water per 100 lb. plaster, 1640 lb. per sq. in. 

94 lb. water per 100 lb. plaster, 850 Ib. per sq. in. 

The time of blending, that is, the time elapsing between putting the 
plaster in the water and the beginning of the stirring operation, is also 
an important factor affecting the strength and quality of the specimen 
or casting. The strength was found to increase with the blending time 
up to fourteen minutes when 70 per cent of water was used for mixing, 
and to begin to decrease rapidly as the blending time exceeded sixteen 
minutes. 

It is desirable that the stirring be continuous and of such a char- 
acter that air bubbles will be carried up from the bottom and liberated 
without entrained air being carried into the mixture. Violent stirring 
is neither necessary nor desirable. 
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Fic. 3. Motos ASSEMBLED 


The strength of the plaster increases rapidly with the length of 
time of curing in saturated air up to two days, after that length of 
time in the moist room further increase in strength is scarcely per- 
ceptible. ; 

Set plaster is very easily burned (dehydrated) in drying, espec- 
ially after it has become rather dry. The maximum drying temper- 
ature cannot be above 120 deg. F. without danger of burning. Burned 
plaster is chalky and very weak. Repeated wetting of the plaster 
after it has set, especially after once being dried, causes the strength to 
decrease markedly. 


5. Method of Mixing, Pouring, and Curing.—In the manufacture 
of the specimens care was taken to secure uniformity in quality and 
strength of the plaster. The mixture used was 70 lb. of water per 
100 lb. of plaster. After the two ingredients were weighed the plaster 
was poured carefully in the water and the mixture was allowed to 
stand for 10 minutes before being disturbed. After this 10-minute 
period, stirring was begun by using the cupped hand so as to stir air 
bubbles toward the top. The hand was kept below the surface of the 
liquid. The stirring was continued steadily for 5 minutes; the mix- 
ture was then ready to pour into the molds (see Fig. 3) which had been 
thoroughly sized with soap solution to prevent sticking of the plaster 
to the mold. The two parts of the mold were clamped together and 
placed on end, allowing the plaster to be poured in one leg of the mold 
and to rise in the other leg. The pouring was done as steadily as pos- 
sible to prevent trapping of air. Immediately after pouring, the 
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material was agitated with a stick ora wire thrust to the bottom of the 
mold and also by tipping and jarring the mold. This procedure 
brought most of the larger entrained air bubbles to the surface. This 
agitation was stopped at the first signs of stiffening and the material 
allowed to set. As the material sets there is a slight expansion which 
causes all parts of the mold to fill nicely. After about 15 minutes the 
material begins to give off heat and feels quite warm to the hand. At 
this time the casting is sweating and a film of water is formed between 
the casting and the soaped surface of the mold. When in this condi- 
tion the molds are most easily removed. After the specimens were 
taken from the molds they were marked and placed in the moist room 
for curing. 

All specimens were left in the moist room at least two days. They 
were then brought out and placed over a sand drier in such a manner 
that the air could have free circulation around them. They were dried 
in this manner at a temperature slightly above room temperature for 
a minimum period of four days; this procedure, with few exceptions, 
produced hard specimens with a distinctly metallic ring when struck, 
and apparently free from shrinkage stresses. 


6. Form and Size of Specimens.—Specimens with four different 
cross-sections were used, namely, circular, rectangular, trapezoidal, 
and H sections (see Fig. 1). The specimens were made in the form of 
an open C frame (see Fig. 2) consisting of two straight portions con- 
nected by a curved portion at one end. Three different curvatures 
for the curved portion were used which may be expressed by the ratios 
of the radii of curvature FR of the centroidal surfaces to the distances c 
from the centroidal axes of the sections to the extreme fibers in tension. 
For the sharpest curvature this ratio iw was 1.6, which represents 

c 
about the sharpest curvature likely to be encountered, and probably 
about the sharpest curvature for which the Winkler-Bach formula 
will yield reliable results. For the least of the three curvatures the 

any Fe , 
ratio — was 4 for which the effect of the curvature is small, and hence 

@ 
with this curvature the strength of the curved beam would be ex- 
pected to be only slightly less than that of a straight beam having the 
same cross-section. Intermediate between these curvatures one was 


; R 
selected having a value of — equal to 2. The cross-sections of all 
c 


beams except the H section had as nearly as practicable the same sec- 
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Fig. 4. Moros Openep 


: if ; ; A 
tion modulus, —, namely, a value of 3 in.’ which for a circular cross- 
c 


section requires a diameter of 31¢ in. The section modulus for the 
H section was 5.3 in.’, approximately. The H section, which was made 


only with the sharpest of the three curvatures & = 1.6), was further 


proportioned so that the neutral axis (axis of zero stress) of the curved 
portion occurred at the junction of the flange and web (see Fig. 1), 
a condition requiring the computed radial tensile stress to be a maxi- 
mum at the junction of flange and web. A rather high stress concen- 
tration also occurs at this abrupt change in width of section, and 
hence causes the most favorable condition for a radial tension failure 
in the web. 

After a specimen was broken as a curved beam each of the straight 
portions was tested as a straight beam. In order to have a sufficient 
length to apply loads at the third points without causing too high 
shearing stresses, the straight portions were made approximately 16 
in. long and were tested on a 15-in. span with one-third point loading, 
giving a constant moment in the middle third of the beam where 
failure occurred by bending. 
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7. Molds for Casting Specimens.— Molds were necessary for casting 
the specimens because a number of specimens were required for each 
section and for each degree of curvature, and their manufacture by 
machining from a rough block would have required too much time, 
although when feasible a machined specimen is to be desired; a view 
of some of the molds is shown in Figs. 3 and 4. 

The technique of mold making improved with each set of molds 
made, and hence the same procedure was not followed exactly for 
any two sets. 

In making the molds for the beams with the circular cross-section 
the pattern was made by pressing stiff clay through a circular die and 
then bending the resulting clay cylinder to the required shape. Be- 
fore the clay was prepared the lay-out of the specimen was drawn with 
indelible pencil upon the marble top of the work table in the plaster | 
shop. Plaster was poured over this drawing to a thickness of about 
oneinch. When this had set sufficiently the resulting slab was turned 
over, and, on the face which had been next to the table there was a 
reproduction of the drawing on the table top. Using these lines to 
work to, a “parting” surface for the mold was cut from the slab. The 
next step was to prepare the clay. After some experimenting the 
proper consistency was found and cylinders were produced with a 
smooth surface and yet stiff enough to be easily handled. These were 
carefully bent to lie within the lines previously drawn upon the table 
top. A line was then drawn along an element of the bent cylinder at a 
height from the table equal to the radius of the cylinders. Then the 
plaster slabs that had been prepared for the parting surface were care- 
fully placed in position with their upper surfaces in the plane of the 
line drawn on the clay cylinder. After the parting surface had been 
securely placed, the irregularities in the clay surface were corrected 
by means of a semicircular strike-off template, cut from a piece of 
sheet iron. The parting surface served as a guide for this operation. 

When this clay form was completed the entire surface was “‘sized”’ 
thoroughly with ‘English soft soap,’ an outside form was placed 
around the set-up, and plaster poured in to form one-half of the mold. 
When the plaster had set sufficiently, the mold was turned over, the 
parting surfaces were removed, the clay cylinder projecting from the 
half mold was brought to proper size and finished as before. All sur- 
faces were then thoroughly sized with the soap solution, the outside 
form was replaced, and the mold was completed by pouring plaster 
upon the upturned surface. 
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Turning Top Face 


Turning Operation Completed. Ring Ready to be Sawed in Two 


Fic. 5. Meruop or ForMING PATTERN oF CuRVED PorTION OF CURVED 
Beam Havine TRAPEZOIDAL CRoss-SECTION 


The trapezoidal section and the H section presented new diffi- 
culties. The clay pattern was not a success for forming the curved 
portion of the beam. For these specimens the curved ends were 
turned on a potter’s wheel in the following manner: 

A strip of thin sheet iron was bent into a band with an inside di- 
ameter somewhat larger than the outside diameter of the curved por- 
tion of the proposed specimen. This band was centered upon a 
potter’s wheel, which had been previously sized with soap, the crev- 
ices were chinked with clay, and plaster was poured into the band. 
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As soon as the plaster began to harden the band was removed, the 
wheel was placed upon the spindle, and the turning process was begun 
(see Fig. 5). A saucer with a cylindrical (slightly tapered) projection 
in the center, with a diameter equal to the inside diameter of the 
proposed beam, was first turned. This saucer was to form one face of 
the section. When the saucer and core were finished the surface was 
sized thoroughly with the soap solution, the band was replaced and 
more plaster was poured in to the desired depth. This time the out- 
side and top of the curved portion was cut at the proper height above 
the edge of the saucer. When completed the turned ring was sawed 
in two on a diameter and one semi-circular portion formed the curved 
portion of the curved-beam pattern. The straight portions for the 
pattern were formed of stiff clay pressed through a die as had been 
done for the circular section. This mold was made in four parts. 

The general procedure for turning the curved portion of the pat- 
tern for the beam of H section was the same as that for the trape- 
zoidal section. The pattern for the straight portions was made by 
sawing and dressing small slabs of plaster to the dimensions of web 
and flanges. These were held in position while the first part of the 
mold was being poured by pressing them into chunks of the clay. 

From the experience gained from the manufacture and the use of 
these molds it is believed that the patterns for the curved portions of 
all four sections could have been most quickly and accurately made by 
turning as described above. 

It is also believed to be worth while to mix and cure the plaster 
used in the molds so as to get the maximum practicable strength, 
especially if a relatively large number of castings are expected to be 
cast from one mold. The somewhat rough handling necessary to free 
the castings from the molds and the repeated wetting incident to use 
make the life of the plain plaster mold rather short, and for this reason 
Portland Cement was used in some later tests, with good results, for 
making molds to withstand considerable usage. 


Ill. Meruop or Txstine 


8. Testing Machines Used.—About one-half of the specimens 
broken were tested in a Scott horizontal testing machine of 1000-Ib. 
capacity (Fig. 6), and the other half were tested in an Olsen vertical 
screw machine of 10 000-lb. capacity, using a poise fora maximum load 
of 1000 lb. (Fig. 12a). Both machines were satisfactory, and the 
change in machines was made merely as a matter of convenience. 
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Fic. 6. Meruop or Testing Straicut Beams 


Both machines were calibrated carefully and were found to be satis- 
factory in accuracy and in sensitiveness. 


9. Method of Loading.—The load applied to the curved beam 
specimens had a moment arm of 15 in. (see Figs. 2and 12). If the 
moment arm were made large the specimen would break at a very low 
load which would be difficult to measure accurately, and if made 
small the stress in the curved portion of the beam would not be due 
mainly to bending, that is, the direct stress would be relatively large, 
which was considered to be objectionable. A moment arm of 16 in. 
was considered to be a satisfactory compromise for these conflicting 
conditions. The average of the loads causing failure of the curved- 
beam specimens was about 50 |b. and that causing failure of the 
straight beams was about 600 lb. 

Each curved-beam specimen after being broken as a curved beam 
furnished two straight-beam specimens. The straight-beam speci- 
mens were tested as simple beams with a span of 15 in. The loads 
were applied at the third points, thus giving a 5-in. length in the cen- 
ter of the beam that was subjected to a constant bending moment. 
The failure of nearly all of these straight beams occurred in the middle 


16 ILLINOIS ENGINEERING EXPERIMENT STATION 


Fic. 7. Some or THE Specimens Arter TrEstrna 


third of the beam and was due to bending; failure due to shear or to 
diagonal tension in the outer thirds seldom occurred., Figure 6 shows 
the method of loading the straight beams and Fig. 12a the method of 
loading the curved beams. Some of the broken specimens are shown 


in Big.cd: 
IV. Resuutts AnD Discussion 


10. Experimental Values of Correction Factor.—It was stated in 
Section 2 that one of the main objects of the investigation was to deter- 
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Fic. 8. Brizr EXPLANATION oF WINKLER-BACH FoRMULA 


mine whether or not the plaster-model method would yield consistent 
and reliable values for the maximum stress in curved beams. 

This object may be accomplished by comparing the theoretical or 
computed value of the so-called “‘correction factor” for a curved beam 
with the experimental value. The theoretical correction factor for a 
curved beam is the number by which the value of s in the formula 


= = which is applicable to straight beams only, must be multi- 


plied to give the stress in a curved beam having the same cross-section 
and resisting the same bending moment. 

The value of the maximum stress in a curved beam is considered 
to be given satisfactorily by the Winkler-Bach formula: 


EA UE 1 c 
c= aay ak — ° . . . . 1 
: 4 +i 5] a) 


The derivation of this formula and the meaning of the terms are dis- 
cussed in Circular 16 of the Engineering Experiment Station of the 
University of Illinois. Figure 8 gives a brief explanation of the 
formula. 

The value of the theoretical correction factor k then is the ratio 
of s, to sin the preceding formulas. Values of the theoretical correc- 
tion factors for curved beams of various degrees of curvature and of 
various shapes of cross-section are given in Circular 16, and these 
values have been used for comparison with the experimental values 
found from the tests herein reported. 
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The experimental values of the correction factor are found as fol- 
lows: Let M, denote the test value of the bending moment causing 
rupture of one of the plaster curved beams, and let M, denote the test 
value of the bending moment that causes rupture of one of the two 
straight beams obtained from the same curved-beam specimen. If 
now M, isk times as large as M., then for any given bending moment 
the maximum stress in the curved beam is k times as large as that in 
the straight beam since the straight beam and the curved beam sup- 
posedly break when the maximum stress in each has reached the same 
value, namely, the ultimate strength of the material. The experi- 


‘ ? 5 WY 
mental value of the correction factor k then is the ratio ——. The 


breaking stress in the curved-beam specimens, however, is not due 


solely to bending, for there is a small direct stress us equal to the 
a 


breaking load divided by the area of the section. Therefore, the value 
of M, used in obtaining values of k is found by adding to the value of 
M. corresponding to the breaking load a moment sufficient to cause, 
at the most stressed fiber, a stress equal to the direct stress. The 
total moment is denoted by M.’ and differs but little from M,, for the 
moment added to correct for the direct stress is small in all cases. 
The experimental correction factor then is 


M; 
Sire mee See 


and values of the correction factor for the various curved beams 
tested are given in Table 1. 

In Table 2 is given the average of the experimental values of the 
correction factor for each of the several curved-beam sections used, 
together with the corresponding theoretical correction factors taken 
from Circular 16. 

The experimental values of the correction factor in Tables 1 and 2 
show that there is a rather large variation in the values for the speci- 
mens in any group but that the average values of the correction factor 
are consistent with the theoretical values. 

The results in Table 2 justify the conclusion that the plaster- 
model method may be used with confidence in obtaining an approxi- 
mate but useful value of the maximum unit stress even in a member of 
rather complicated form, provided that the average of the results of 
tests of a relatively large number of pairs of specimens is used. 
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: TABLE 1 


ReEsutts or Tests or BEAMS THat FarLtep BY CIRCUMFERENTIAL STRESS 
(All quantities expressed in pound and inch units) 


, M 
No. M, Se Ms s k= My No. M,’ Se M, 8 i an 
c 
DAS 3 
Rectangular Section, cas 1.6 Rectangular Section, = 2.0 
' 1415 | 460 | 1.40 1432 | 460 | 1.51 
1-1 | 1011 | 588 1537 | 499 | 1.53 Pats 2057 das Shit oe ou ee toes 
; 1465 | 471 | 1.64 
5-1 | 1302 | 757 1982 | 643 | 1°52 Aal| + 808)) 464 oil, Az0P ATE Aes 
7-1| 1026 | 597 | 363) | é75 | 2103 6-1) 1505 | 764 | 17 -| 885 | 33 
IGE SET WEES eae gape easter lis hese fai alia) BOE Cea ean 
yet | 1206 | re | HSE | BE ESE | | ase | oar | abe | a | Cte 
14-1 | 1041 | 606 | 1839 | doe | i:76 || 182) 1o11| sos | 283 | 416 | 1.24 
rst | oo} soo | HE | 498 | 1G | aoe | roa| one | HA | HB | 19% 
ira oso | srr | HO | BE | ER aoe] sao] ae | MEE | HL | LR 
yea sir) ass | HE | 80 | EY a2 soo | oss | 8 | He | 18 
soi |so72| ois | 193 | BE | E48 ll oo2] sus | aso | iaee | 38 | 138 
ait] roo] aso | 38 | BH | 298 lana] sul aio | BE | BS | 188 
1637 | 518 | 2.06 
23-1 | 796 | 459 | i612 | 510 | 2.03 
Doutn ee Si0) | 487 |ege ese | cous toes Average: 504 500. «1.57 
ne 18 
Average: 586 531 1.70 Circular Section, ~ = 2.0 
; MRT s 
Circular Section, ier 1.6 2-2 | 1104 587 W700 ae Be 
- 2087 | 700 | 1.81 
r 2 0 
pileecogulinics 1837 606 2.62 4-2 | 1151) 61 1865 625 1.61 
a 1562 | 816 | 2:28 || ‘9.5 | ise | zag | 1980 | Ga77 | “1:40 
2 660) | 1.77 2112 | 722 | 1.52 
5-2| 1140] 749 | 2020 
1737 | 568 | 1.68 Ooo tour \rraa tee keOOm ecOReseedings 
1957 | 640 | 1.52 1857 | 635 | 1.69 
TQ 1277 | 888 | 1667 | -545 | 1.31 2012 | 658 | 2.01 
11-2 | 1097 | 583 5 
‘74 1995 | 652 | 1.82 
10-2} 1155 | 758 | 7799 | S80 | 1155 
Average: 620 646 1.67 
Average: 701 596 1.80 
R 
T idal Section, ~ = 2.0 
H Section, Y-in. Fillet,” = i156 ig os arta RAE eis 
2749 | 497 | 2.62 2-3 | 1028 | 503 | 1700 | 543 | 1.65 
44-7 | 1052 | 368 | d092 | 378 | 1:98 || 43| 1950 | 612 | 2050 | 621 | 1.64 
2179 | 304 | 2.42 2295 | 665 | 2.02 
45-7 | 898 | 314 | 9175 | 393 | 2.42 || 6-3| 1135 | 556 | 1805 | 534 | 1.59 
2617 | 473 | 3.08 9-3 | 1427 | 698 | 2227 | 659 | 1.56 
46-7 | 851) 298 | 5335 | 431 | 2.81 || 11-3| 1028 | 503 | 1795 | 520 | 1 
Average: 327 428 2.55 Average: 575 590 1.70 
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TaBLE 1.—(CONCLUDED) 


Resuuts or Tests or Brams THAT FAILED BY CIRCUMFERENTIAL STRESS 
(All quantities expressed in pound and inch units) 


No. | M,’ 8 | M, | 8 le = ma No. | M,’ 8¢ M, | 8 |} = a 
Rectangular Section, “ = 4:0 Circular Section, x = 4.0 

aa| isso | 40 | 187 | fee | Lal |] S2| iss] 45 | Oe | | ok 

12-1 | 1443 | 485 | 2493 | 705 | 3-52 |] 22] 1575 | 458 | 5087 | 740 | 145 

oa] ssa] oro | Hat | a | 18 

ATG 903) \S Bobo eters Me ganas | tees Average: 476 724 1.40 

15-6 Pc OS7al) 4410 aoe et ee 

Soon Wedoae hn gee geteat Ls abealeGt: ce Trapezoidal Section, = 4.0 

20-3| 774 | 280 | 1443 | dei | Lisd 

a3| s36| 315 | 1988 | "383 | 1:35 || 33 | 1462 | 521 | iBt2 | Sao | tiae 

22-3 | sez] 326 | ios | 336 | ite || 83) 1510] 538 | 1795 | 3505 | iia 

28-8) 760 | 292°) A870 | BR ho ie ||) 128 | 1446 BLO eyes eee 

Average: 371 442 1.37 Average: 525 550 1.23 


It is equally clear that the results of tests of a single pair of speci- 
mens may be very misleading at least with members of rather com- 
plicated form. 

The requirement of a relatively large number of tests is not a 
serious objection to the plaster-model method for the reasons that*a 
large number of specimens is easily obtained after the molds are 
made, and the testing of the specimens is done quickly with very little 
labor and equipment. 


11. Conditions Affecting Results.—To one accustomed to the uni- 
formity of results obtained from tests on ductile steel, the variations 
in results obtained from tests of pottery plaster may seem to indicate 
that the plaster-model method of determining the maximum stress 
in a member can hardly be expected to yield reliable results. 

In judging of the significance of the statistical value obtained by 
averaging the results of a number of tests of plaster models it is well 
to observe that the results from a single test of ductile steel may be, 
to a considerable extent, a statistical value; for the relatively large 
yielding and internal adjustments in the ductile steel at probably 
many points of high stress concentrations cause, by this mechanical 
process, the result from the single test to be an average or statistical 


eo 
PLASTER-MODEL METHOD OF DETERMINING STRESSES 21 


TABLE 2 


AVERAGE EXPERIMENTAL VALUES AND THEORETICAL VALUES OF 
CorRECTION Factor 


Aversgs Max. and Min. 
Secti R Theoretical Experi- Values Num. of 
eC CLO Fe Value mental Riis d 
Vv verage 
alue Max. _ Min. - 
Rectangular Saekerdisletass a6 1.79 eK) 2.47 1.09 26 
Circular..... bdon cor 1.6 1.96 1.80 2.62 1.31 8 
H Section (4-in. fillet) 1.6 1.93 2-55 3.08 1.98 6 
Rectangular...:.... 2 1.52 ROW Deva lal TOG 22 
Cinoularnentaec.tmec- 2 1.62 1.67 2.01 1.40 10 
Trapezoidal......... 2 1.60 1.70 2.02 1.56 6 
Rectangular........ 4 1.20 Ls 1.84 1.16 19 
Circular sees ete 4 1523 1.40 1.45 1.36 2 
Trapezoidal......... 4 1.25 iL) 1.38 1.14 


value. In a brittle material like pottery plaster, however, in which - 
the fortuitous stress concentrations due to variability of material are 

greater and can be relieved to a much less extent, these stress concen- 

trations play a larger part in determining the strength of the specimen 

than in a ductile metal. But it is to be expected that an average of 

the results of a number of tests would be consistent and reliable, as is 

indicated by the test results herein recorded. 

The reliability of the results of the plaster-model method depends 
mainly on having the material in the model of complex shape in which 
the maximum stress is to be found (the curved portion of the C-shaped 
specimen) as nearly as possible like that in the specimen of simple 
shape (the straight portions of the C frame) in which the maximum 
stress can be calculated. 

In order to secure this condition, care must be exercised in stirring 
and pouring the mixture to the end that all large air bubbles will be 
removed, and the minute air spaces or voids will be evenly distributed 
throughout the specimen. The method of curing and of drying are 
also of great importance in this respect. With the C-shaped speci- 
mens used in these experiments some difficulty was experienced in 
drying uniformly, due partly to the large size and relatively complex 
form of the specimens. 

If the material in a curved beam specimen is the same throughout 
and the material has a straight stress-strain diagram up to the ulti- 
mate stress, then the stress at which the curved beam breaks (mod- 
ulus of rupture) should be the same as that at which each of the two 
straight-beam specimens breaks. 
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Fic. 9. Rapa TENSILE STRESS IN CurveD BEAMS 


From an inspection of the values of the modulus of rupture given 
in Table 1, however, it will be seen that for some of the specimens the 
modulus of rupture for a curved beam differs considerably from that 
obtained from either of the two straight portions of the same speci- 
men; and also it will be seen that the breaking stresses for the two 
straight beams from a given specimen in some cases vary considerably. 

If the plaster-model method were used with specimens of simpler 
shape, requiring simpler molds, or if the specimens were turned from a 
block of simple shape, the variation in the material in each pair of 
specimens would probably be less than that found in these tests due 
to greater ease in avoiding air bubbles and in curing and drying even- 
ly, and more reliance could probably then be placed on the results of 
the tests of a single pair of specimens. 


12. Transverse or Radial Stress—The second purpose of the in- 
vestigation, as stated in Section 2, was to investigate the radial stress 
in a curved beam having a section with an abrupt change in width 
such as a T section, an I section, or an H section. For such sections 
the mathematical or theoretical value of the radial tensile stress may 
be larger than the circumferential stress, and also with such sections 
the concentration of radial stress may be large. 


Theoretical Radial Stress 


A mathematical expression for the radial stress at any point in the 
cross-section of a curved beam as suggested by Winslow and Ed- 
monds* may be obtained briefly as follows: In Fig. 9 let ABDC rep- 


*See Bibliography. For a more elaborate analysis see Case, ‘‘Strength of Materials,’’ 1925, p. 431. 
Longmans Green Co. 
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resent a small portion of a curved beam near to the section AB in 
Fig. 8. The two normal sections AB and CD make an angle dé, and 
on these sections only the normal stresses due to bending are con- 
sidered; the shearing stress is considered to be negligible. Let the 
normal bending unit stress at any point in the section at the distance 
k from the center of curvature O be s,. The total stress on an element 
of area w dR then would be s, w dR. Further, let the radial (tensile) 
unit stress on a circumferential section at the distance R’ from O 
be s,; then the total stress on this section is s, w’ R’ dé. 

By considering the equilibrium of the portion AB’D’C we may 
write 


Pr 
Sole d@ = 2 sod sin ae aoe oe Oe CG) 
Ri 
But for a small angle in O- 2 
oe 
whence, Soe S00 an eS ee ee ee) 
Ri 


The value of s, is zero at the inner surface because R’ becomes equal 
to R, and hence the integral in Equation (4) is equal to zero. Like- 
wise, s, is zero at the outer surface since the total radial stress on the 
whole cross-section, and hence the integral in Equation (3), is equal to 
zero because there are no radial external forces. The manner in which 
S, varies between the inner and outer surfaces depends on the varia- 
tion in the width w; when w is small s, is large. The value of the 
summation represented by the integral in Equation (4) for any dis- 
tance R’ may be found by dividing the cross-section into narrow strips 
of known area wdR and multiplying the area of each strip by the value 
of the circumferential unit stress s, at the strip, and adding all such 
products for the strips between Ri and R’. 

The values of the theoretical radial and circumferential stresses 
for a number of sections are shown in Figs. 10 and 11, and it will be 
noted that the theoretical radial stress at abrupt changes in width of 
a section may be greater than the maximum theoretical circumfer- 
ential stress as given by the Winkler-Bach formula. When in addi- 
tion to this condition the concentration of stress at the abrupt change 
in width of the section is considered the importance of the radial stress 
becomes evident. 
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Initial Failure . Final Failure 


Fic. 12. Seecimens SHowine Raprau Srress FarLure 


Experimental Values of Radial Stress 


As noted in Section 2, a curved beam with an H section was used 
to determine the effect of the radial stress. This H section is shown in 
Hig. ols 

One group of eight specimens was made with an H section having 
a sharp corner at the abrupt change in width; another group of three 
specimens had a fillet of 1g-in. radius instead of a sharp corner; an- 
other group contained five specimens having sections with a fillet of 
14-in. radius; and another group was composed of three specimens 
having sections with a fillet of 14-in. radius. These sections, with the 
exception of the one with the 1¢-in. radius, are shown in Fig. 11. All 
of these specimens failed in radial tension except the three having a 
fillet of 14-in. radius; these three failed by circumferential tension. 

The failure of a specimen by radial tension always occurred at the 
junction of the flange and web, and was accompanied by a rather 
sharp cracking noise, and immediately after this a fine-lined crack 
could be observed extending a short distance along the juncture of 
flange and web and gradually extending, as the machine continued to 
run, until it reached completely across the web as shown by the dark 
line in Fig. 12a. No additional load was carried by the specimen after 
the first crack occurred. The ultimate failure of the specimen took 
place by the rupture of the flanges (see Fig. 12b). 

The values of the radial unit stress s, corresponding to the break- 
ing load as obtained from Equation (3) are given in Table 3. It will 
be noted that these values are much less than the breaking stress of 
the material as found from the tests of the straight beams. This fact 
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(2 = 1.6 for all the beams; values expressed in lb. and in. units ) 


TABLE 3 
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No. M,’ S_! M, 8 Ge Goes Ss 
Sr 
Radius of fillet = 0, (sharp corner, Fig. 11) 
13-4 589 213 ae oie 234 2.44 
14-4 775 279 241 1 453 307 1.48 
i y 1.41 
15-4 961 347 2193 418 382 1.10 
2983 560 2.28 
16-4 620 221 2730 521 246 212 
: 1280 252 1.38 
24-4 449 165 1976 389 182 214 
3 Warf 
28-4 663 230 9529 471 242 1.94 
& 2395 446 1.70 
29-4 760 264 1783 339 263 1.27 
i 2323 440 2.32 
31-4 527 183 9381 451 190 2°38 
ts : 
39-4 519 177 au ao 191 a 28 
. 1399 265 2.46 
42-4 279 95 871 165 108 1.53 
33-4 403 132 Aeon ae 190 ee 
Average: 413 230 1.90 
Radius of fillet = 14 in. 
: 1200 226 0.88 
30-5 744 256 2103 396 Paap l 1.54 
1500 293 0.95 
33-5 931 306 1787 349 310 1.13 
34-5 652 208 toed B00 199 Tey 
Average: 332 283 1.36 
Radius of fillet = 14 in. (see Fig. 11) 

2312 442 1.18 
39-6 1106 400 2338 447 372 1.20 
42-6 789 285 2066 395 265 1.49 
1893 362 1.28 
33-6 867 299 1935 370 282 1.31 
1700 1 1.02 
34-6 960 337 1737 396 312 1.04 
FE 2594 497 1.34 
44-6 1037 375 2464 472 369 1.28 
Average: 407 320 1.24 


indicates that there is considerable stress concentration at the abrupt 


change in width of section at the juncture of web and flange. 


13. Stress Concentration Factors.—The factor by which the theo- 
retical radial stress corresponding to the breaking load must be multi- 
plied to give the value of the breaking stress or modulus of rupture of 
the material as obtained from the tests of the straight beams with the 
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same cross-section is called the radial stress concentration factor. 
The radial stress distribution across the web at the juncture of web 
and flange instead of being uniformly distributed as is assumed in 
deriving the theoretical formula is higher than the theoretical value 
at the edges for all the sections except those having the one-half inch 
fillet; with this large fillet the stress concentration is evidently negli- 
gible since none of these specimens failed by radial tension, although 
the theoretical radial stress at the junction of web and flange, as 
shown in Fig. 15, is nearly equal to the maximum circumferential 
stress. 

In Table 3 are given the values of the stress concentration factors 
for all the specimens having H sections, and the average for each 
group of specimens having the same section is given in Table 4. The 
number of tests for the sections with fillets is not sufficient perhaps to 


TABLE 4 
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AVERAGE EXPERIMENTAL VALUES OF RADIAL Stress CONCENTRATION 
Factors ror H Sections with FILLETS 


: Values of Factors of Longitudinal 
Ratio Factor of Stress Concentration for Fillets in 
‘ Pp Number Radial Stress Straight Beams as Found by: 
Radius of d Of Wests Concentration 
Fillet p (d = width Averaged ans = 
of web) he Plaster-model Polarized Light 
Methodt Methodt 
0 ll 1.90 1.88 
(sharp 
corner) 
+4 Y 3 t3G 1.27 1.73 
ZA % 5 1.24 1.23 1.40 
4% il 3* 1.00* one welts 


*All three specimens failed by circumferential stress (not by radial stress) and the calculated value 
of the radial stress for each beam was nearly equal to the breaking stress for the material as found from 
the tests of the straight beams from the same specimens; therefore there was little if any concentration 
of stress and consequently the factor of stress concentration is given as unity. 

tPeterson, R. E. (see Bibliography) 

{Timoshenko and Dietz. Proc. A.S.M.E. May, 1925. 


obtain an average value that can be considered entirely reliable but 
the values are very nearly the same as those found by Peterson* by 
the plaster-model method for similar fillets in straight beams, and are 
consistent with the values found by Timoshenko and Dietz* by the 
polarized light method for similar fillets. The values obtained by the 
polarized light method are always found to be larger than those ob- 
tained by a method in which the slight adjustment or yielding of the 
member or model influences the results. 

It seems clear from the foregoing results that the radial stress 
cannot always be neglected in the design of curved beams. For beams 
made of relatively brittle material like cast iron and having sections 
with abrupt changes in width, the radial stress, rather than the cir- 
cumferential stress, may be the significant stress. If the beam is sub- 
jected to a steady or static load and is made of ductile material, such 
as low carbon steel, the concentration of radial stress at the abrupt 
change in width of section may be considerably relieved by the local 
yielding without seriously damaging the member as a whole; but if the 
load is repeated many times the concentration of stress is of great 
importance even with very ductile material, for a crack is likely to 
start at the point of high stress concentration and to spread gradually 
across the area until failure occurs. In any case the section should 
be designed, if possible, to prevent a high value of the radial stress. 


*See the Bibliography. 
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Fic. 14. Errecr or Curvature or Beam on Ratio or Maximum RapiAL STRESS 
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14. Estimated Value of Maximum Radial Stress In Any Section.— 
Since the computation for the radial stress in a curved beam is rather 
tedious, it is desirable to be able to estimate, without computation, 
the value of the maximum radial stress in curved beams of different 
sections having abrupt changes in width, or at least to be able to 
determine approximately whether or not the radial stress may be the 
significant stress. 

For this purpose Figs. 10 to 11 and Figs. 13 to 15 may be helpful, 
when used in connection with Table 4 giving the stress concentration 
factors for fillets. Figure 13 shows, for each of several H sections, 
how the maximum radial stress varies with the curvature of the beam. 
Figure 14 gives the same information for each of several T sections. 
Figures 13 and 14 also show in a general way how the maximum radial 
stress in an H section and in a T section varies with the dimensions of 
the section for a curved beam with any given curvature. Figure 15, 
however, shows quantitatively the effect on the maximum radial 
stress in relation to the maximum circumferential stress in an H sec- 
tion and in a T section of varying the web thickness, but maintaining 


a constant value of i of 1.6. It must be remembered that the values 
c 


Sols d , : 
of a given in these figures must be increased according to the values of 


PLASTER-MODEL METHOD OF DETERMINING STRESSES oll 


sgh NY 
my OT 
i ree AN 


Fic. 15. Errect on Ratio or Maximum RapiaL Stress tro Maximum Circum- 
FERENTIAL STRESS IN AN H SecrTion anp A T Secrion or CHANGING WEB 
THICKNESS OF THE SECTION, FoR A BEAM witH R/c=1.6 


the stress concentration factors given in Table 4 if the material is 
rather brittle or even if the material is ductile and is subjected to 
repeated loads. If, however, the material is ductile and is subjected 
to static loads, the effect of the stress concentration at the abrupt 
change in width of the section is of much less importance. 

Figures 13, 14, and 15 indicate that the radial stress in a curved 
beam having a section composed of flanges and web will probably be 


of less importance than the circumferential stress for all values of @ 
€ 


greater than about 2, provided that there are liberal fillets at the 
abrupt change in width of section so that there is little or no stress 
concentration, and provided also that the thickness ¢ of the web is not 
less than about one-fifth the width 6 of the flange. 
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V. CoNcLUSION 


15. Swmmary.—A summary of the main facts concerning the in- 
vestigation may be given as follows: 

(1) Pottery plaster, if properly cured and dried, has approximate- 
ly a straight stress-strain diagram up to the ultimate or breaking 
stress; its behavior up to rupture, therefore, is approximately the 
same as the elastic behavior of a ductile metal, like steel. 

(2) The pottery-plaster method of determining the maximum 
stress in a member caused by given loads may be stated very briefly 
as follows: A pair of specimens of pottery plaster are made, one speci- 
men being a model of the member in which the stress is to be found, 
and the other a model of simple form for which the relation between 
load and stress is known. The two specimens are tested to rupture. 
From the known relation of load and stress in the specimen of simple 
shape and the ratio of the loads (or bending moments) causing rup- 
ture of the two specimens the relation of maximum stress and loads in 
the model of complex shape is found. The same relation is assumed 
to hold in a similarly shaped member made of ductile material pro- 
vided that the stresses are within the proportional limit of the 
material. 

(3) Itis feasible to make pottery-plaster specimens of rather com- 
plicated forms in plaster or concrete molds from which a number of 
specimens may easily be made. 

(4) The pottery-plaster method gave consistent and reliable 
values for the maximum stress in curved beams of the various sec- 
tions, provided the average value of the results of a number of tests 
was used. The results of the tests of a single pair of specimens may 
be misleading. 

(5) The theoretical transverse or radial tensile stress in a curved 
beam having a cross-section in which there is an abrupt change in 
width may be larger than the circumferential tensile stress. 

(6) The concentration of radial tensile stress at the abrupt change 
of width of section of the curved beam was found to vary with the 
radius of fillet about as indicated in tests of other types of members 
where similar fillets have been used. All the curved beams that had 
an abrupt change in width of section (H sections) broke in radial 
tension at the abrupt change in width of section, except those having 
a radius of fillet equal to 44 in. With this large radius of fillet, the 
stress concentration evidently became negligible. 

(7) There is justification for the conclusion that an approximate 
but useful and reliable value of the maximum stress (within the pro- 
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portional limit) in a machine or structural member of relatively com- 

plicated form, made of elastic material, may be found by use of the 
plaster-model method provided that the average of the results of tests 
of a number of pairs of specimens is obtained. The number of tests 
needed will, to some extent, depend on the form of the model in which 
the stress is to be found and on the method of forming the model, and 
especially on the method of curing and drying the material. The 
number of tests made should also be governed somewhat by the vari- 
ation in the results obtained. It is likely, however, that from five to 
ten tests will, in general, be ample to yield reliable results. 

(8) The necessity of a relatively large number of specimens and 
tests is not a serious objection to the plaster-model method of deter- 
mining the maximum stress in a member because many specimens 
may be made from one mold, and the testing of the specimens is done 
quickly and with little expense. 
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